COMBMTORKA COMBINATORICA 12 (3) (1992) 317-321

Akadémiai Kiadé - Springer-Verlag

ON A BOTTLENECK BIPARTITION CONJECTURE OF ERDOS

T. D. PORTER!

Received 28 September, 1989

For a graph G, let v(U,V) = max{e(U),e(V)} for a bipartition (U,V) of V(G) with YUV =
V(G), UNV =0. Define 7(G) = min(y yy{¥(U,V}}. Paul Erds conjectures ¥(G)/e(G) < 1/4+

O (1/\/e(G))‘ This paper verifies the conjecture and shows v(G)/e(G)<1/4 (1 + \/2/e(G)).

This paper concerns simple graphs. The notation used is the following: For U,
VCV(G), UNV =40, e(U) denotes the number of edges in the induced graph G[U],
e(G) denotes the number of edges in G, and e[U,V]= |{uvluweE(G), ucl,veV}|.
For a bipartition (U,V) of V(G) with UUV = V(G), UNV =0, let (U, V) =
max{e(U),e(V)} and define y(G) = ming y{¥(U,V)}. The function v(G) was
introduced by R. Entringer [2]. At the Sixth International Conference at Kalamazco

in 1988, Paul Erdds presented the conjecture that v(G)/e(G)<1/4+0 (1/\/e(G)).

He recognized that the second-moment method is not going to give this result. Also,
the computation of ¥(G) in NP-hard, as was proved by L. Clark, F. Shahroki, and
L. A. Székely [1]. Therefore, one may not expect an algorithmic proof of Erdés’
conjecture. This paper gives a non-constructive and non-probabilistic proof.
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A series of lemmas will give the proof of the theorem.

Given G, define Q=max(yyy{e[U,V]}. Since V(G) is finite, Q2 is well-defined,
it is known as the max cut of G. Define S= {(U,V)|e[U,V] =}, note S#0. For
veV(G), HCV(G) defined dg(v) to be the number of vertices in H adjacent to v.
Lemma 1. For any (U,V)€ S, elU,Vi>29{U, V).

Proof. Let e(U) = max{e(U),e(V)} = ~(U,V). Since (U,V) defines a max cut,
dy(z) > dy(z), for all z € U. Then, we have e[lU,V] = 3 dy(z) > 3 dy(z) =
zelU zeU

2e(U)=2v(U, V). )

Theorem.
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Now, define T = {(U,V) | e[U,V] > 2v(U,V)}. Since SCT, T#0. Let a =
mingp (U, V). Throughout, let (A, B) be a fixed partition on T' reahzmg @, that is,
v(A,B)=a. Let e(A)= max{e(A) e(B)} and define A=e(A)—e(B). Note i A= 0,
then

e(A) e(A) < e(A) 1

e(G) ~ 2e(A) +e[Ab] T 4e(A) 4

The inequality, since e[A, B] > 2v(A, B) = 2¢(A) for (A,B)€T. So, assume 4 > 0.
Define XUY C A as follows: X ={z€ A|dp(z)>A/2}; Y={y€A|da(y)#0 and
dg(y)<A/2}. Note, XNY =0. We then have e(A)=e(X) +e[X,Y]|+e(Y).

Lemma 2. For all yeY, d4(y) <dp(y).

Proof. Assume there exists y € Y with d4(y) > dp(y), then the partition
(A—y, B +y) contradicts the definition of (A4, B), since with e(B)=e(A)—A, we have
7(A—y, By) =max{e(A)—d5(y), e( Byrdp(y)} = max{e(A)-d(y), e(AFrdp (y)-A} <
e(A)=a since d4(y) #0 and dg(y) <A/2. But then, (A—y, B+y) is also in T since
elA—y, B+y)= €[4, B+ (da(y) — dp(y)) > e[ A, B] > 26(4) > 27(A~y, B-+y). Conse-
quently, we have (A—y, B+y)€T and v(A—y, B+y) <o, contradicting the definition
of a. |

Lemma 3. For all y€Y, dg(y) >3da(y).

Proof. Assume there exists y € Y with dg(y) < 3d4(y), then the partition
(A—y,B+y) contradicts the definition of (A,B). That is, y(A—y,B+y) =
max{e(4)—d(y),e(B}+dp(y)} = max{e(A)-da(y),e(A)~Drtdp(y)} =e(A)-da(y)<
c(4)=e. where max{e(4) ~d(y)e(A) ~ A +dn)) =c(A)~daly), since da(y) <
dp(y) <A/2 by Lemma 2. But then, (A—y, B+y) is also in T, since if dg(y) <3d 4(y),
e[A—y, B+y] = €[4, B] - (dp(y) — da(y)) > e[A, B] - 2d,(3) > 27(A,b) — 2d4(y) =

2v(A—y,B+y). The last mequahty holds because e[A, B] >2v(A, B) for (A,B)eT.
Consequently, (A—y,B+y) €T and v(A—y,B+y) < a contradicting the definition
of . [ ]

With e(A)=e(X)+e(Y)+e[X,Y], define £ by € > da(y)=e(Y)+e[X,Y]. Then,
yey
£=0or, 1/2<£<1, where the extreme cases £ =1/2, 1 indicate e[X,Y]=0, resp.,
e(Y)=0, and £=0 if and only if Y =0.
Lemma 4. If ¢(X)=0, then ¢(A)/e(G) <1/4.
Proof. If Y = 0 and e(X) = 0 then e(A)/e(G) = 0, so assume Y # @; then for
e(X)=0, e(A)=e(Y)+e[X,Y]=¢ E d(y). Observe that e[A,B]= Y. dg(y) >
yeA

> dply)> Z dp{y)>3 Z dA(y) follows from Lemma 3.

yeXUY yeY
Hence
e(A) e(A) 3 £ yey daly)
e(G) ~ e(A) +€[A,B]+e(B)  £X ey da(y) + €[4, Bl + ¢(B)
< EZer da(y) < £ yey 4a(v) < 1
T €Y ey day) +elA, Bl T £ ey da(y) +3 ey daly) T 4
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follows since £ <1. ]
For e(X)#0, let k=|X|. Then, e(X)=ck(k—1)/2 for some c<1. We have
e(A) e(A) 3 e(X) +§3 yey daly)

e(G)  2e(A)+e[A,B-A 4 (e(X) +E ey dA(y)) +e[A,B] - A
Case 1: A<|2c(k—1)].
We have ¢[A, B] >2¢e(A), since (A, B)eT. Consequently,

ed) __ed) __ eX)+Ed ey daly)
e(G) ~ de(A) — A~ 4de(X) — A+ 4 Yyey daly)’

Define >0, by e(G)=4e(X)—~A+4€ Y da(y)+n. We first show
yey

__e@*g(” __2__)
4e(X)—A ~ 4 4e(X)-A )"

Let A=4e(X)—2¢c(k—1)=2¢c(k—1)%, then 4e(X)— A = \+¢ for some ¢ >0, since
A<|2¢(k—1)|. We have

e(X) ck(k—-1)/2  k 1 2y _1 2
N T ko1 k=1 4 (”\ﬂ) =1 (”\/ 2c(k—1)2)’
since with ¢ <1, 1/(1/¢) > 1. Consequently,
e(X) < JA+ VD) < O+ e +VEDF ) = 1 (4e00) - 8+ V3T~ A).

Hence
_e@_<1<1+ _z__>
de(X)—A ~— 4 4e(X)-A )

Consequently,
e(4) = e(X)+ £ da(y)
yeY
< i (4e(X) —A+4¢ Z daly) + \, 2 (4e(X) — A+ 4€ Z dA(y)))
. yeY yeYy

<3 ((4e(X)—A+4§ZdA(y>+n) +\F(4e(X)—A+4deA<y>+"))
JEY yeYy

= rll(e(G) + v/2¢(@G)).
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The last inequality holds since 7> 0. Hence e(A)/e(G)<(1/4)- (1+ \/2/6(G)).
Case 2: A>|2c(k—1)]. '

We have
e(4) _ e(A) _
e(G)  2e(A)+e[A,B]-A
e(X) +£ X ey daly)

2e{X) +e[X,B] - A +2¢ Zer daly) +e[A\ X, B]
We first show

e(X) 1 2
2e(X) + e[A, B']D— A = 4 (1 * \/26(X) + elX, B] - A) ’

which will be sufficient since

(1) £ daly) <

y€ey

[ =

(25 Y daly) +elA\ X, B]) .

yey

The inequality (1) is trivial if £=0, so assume 1/2<¢<1. Then with Y C A\ X and
using Lemma 3 gives e([A\ X, B] >¢€[Y, B] >33, cy da(y). Hence,

£ yey da(y) - £> yey daly)
263 ey a(y) +e[A\ X, B] 7 263 ey da(y) + 3 ey daly)
The last inequality holds, since £ < 1. This establishes (1). We have
e(X) e(X) _ e(X)
2e(X) +e[X, B~ D " 2e(X)+ kS -A  2e(X)+5(k-2)

1
< -
5

The inequality follows from the definition of X, i.e., e[X, B] > | X|(A/2) = (kA/2).
Let A = 2e(X) + (2c(k — 1)/2)(k — 2) = 2¢(k — 1)2. Then, with A € N, we have
2e(X)+e[X,B]—- A=XA+e¢ for some ¢ >0. We have

fX) ckk-1/2 kK _1 7\
X 2e(k=1)? ~4(1c—1)54(1+\/:)'

The last inequality was shown in Case 1. Consequently,

e(X)gi()\+\/2_A)<i(’\:E+ 2(,\+s))

(2e(X) +e[X,B] - A+ v/2(2e(X) + €[X, B] — A)) :

L

Hence,

e(X) 1 2
2e(X) +elX,B]-A =4 (1 * \/2e(X) T elX, Bl - A) '
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Consequently,
e(A)=e(X)+¢ Y day)
yeY
<7 [ [2eX) +elx. B~ A+ 26 Y datw) + elA\ X, B | +

yey

2| 2e(X)+e[X,B]—A+26 Y da(y) +e[A\ X, B
yey

(e(G) + 2e(G)) .

|

The last inequality holds from (1). Hence e(A4)/e(G)<(1/4)- <1+ V2/e(G )
We conclude with the conjecture that the sharp bound for v(G)/e(G) is (1/4)-
(1+1/+/2e(G)). The author has shown this upper bound for all r-regular graphs G.
This bound is best possible, since for n odd, Y(Ky)/e(Kn)~(1/4)-(141/+/2e(Kr))
Acknowledgement. I wish to express my gratitude to Professor Roger Entrlnger,
who introduced me to this and many other wonderful problems, and who taught me

how to do Graph Theory. I also wish to thank Professor Lészl6 Székely, who kindly
listened to my arguments, encouraged me, and provided many helpful suggestions.

References

[1] L. CLARK, F. SHAHROKHI, and L. A. SZEKELY: A Lineartime Algorithm For Graph
Partition Problems, to appear in Inform. Proc. Letters.

[2] R. ENTRINGER: Personal communication.

[3] P. ERDOS: Personal communication.

T. D. Porter

Department of Mathematics
Southern Iltinois University
Carbondale, Illinois 62901
U S A
ga3902@sivcvmb.siu. edu



